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We study the sensitive detection of a weak static magnetic field via Faraday rotation induced
by an ensemble of spins in a bimodal degenerate microwave cavity. We determine the limit of the
resolution for the sensitivity of the magnetometry achieved using either single-photon or multiphoton
inputs. For the case of a microwave cavity containing an ensemble of Nitrogen-vacancy defects in
diamond, we obtain a magnetometry sensitivity exceeding 0.5 nT/
√
Hz, utilizing a single photon
probe field, while for a multiphoton input we achieve a sensitivity about 1fT/
√
Hz, using a coherent
probe microwave field with power of Pin = 1 nW.
PACS numbers: 33.57.+c, 07.55.Ge, 42.50.Pq, 85.70.Sq
I. INTRODUCTION
Sensing of magnetic fields with an extremely high sen-
sitivity has attractive applications in various areas of
science and technology [1–3]. Magnetic fields can be
measured using a variety of techniques including a su-
perconducting quantum interference device (SQUID) [1],
magneto-materials [4], atoms[5–8] and color defect cen-
tres in diamond [9–11]. The SQUID magnetometers
achieve record sensitivities [1], but require extremely low
temperatures to maintain superconductivity [1]. Re-
cently, atomic magnetometers have demonstrated sub-
femtotesla sensitivity, approaching the record sensitivity
of SQUID sensors [6–8]. Diamond magnetometers ex-
ploiting nitrogen vacancy (NV) defect centres in diamond
offers detection of magnetic field signals both with high
spatial accuracy [12–15] as well as high field sensitivity
down to sub-pT/
√
Hz [9, 11]. In this work, we describe a
magnetometer approaching sub-fT/
√
Hz sensitivity with
nW-order input power that exploits the Faraday rotation
of microwave (mw) photons induced by a static magnetic
field.
In the Faraday effect the polarization of electromag-
netic fields traveling in magneto-optical material can be
rotated by applying a static magnetic field. This Faraday
rotation can also be well explained by a quantum mecha-
nism [16]. Based on this quantum understanding Faraday
rotation has been proposed to detect quantum fluctua-
tions [17], and induce giant phase modulation [18]. Giant
optical Faraday rotation has also been observed [19, 20].
The polarization rotation due to the Faraday effect has
been well studied for classical optical magnetometers but
a corresponding discussion of the sensitivity limit is so far
absent in the literature.
In this paper we investigate the sensitivity limit of a
microwave version of a Faraday magnetometer. In our
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scheme the polarization of microwave probe photons is
rotated by an ensemble of spins coupled to a microwave
cavity. By measuring the subsequent rotation of the pho-
ton’s polarization we are able to detect a weak static
magnetic field applied to the spins. Thanks to the low
frequency of microwave photons and the lower vacuum
energy fluctuations, as compared with the optical pho-
tons, we find that the microwave reflectance Faraday
magnetometer is ultrasensitive in comparison with op-
tical magnetometers, given the same probe field power.
II. SYSTEM AND MODEL
Before describing the details of our system and model
we first present the main idea of our scheme to measure
a weak magnetic field. Our scheme involves an ensemble
of spins coupled to a mw cavity. A horizontal-polarized
probe mw field is incident to the cavity. This mw input
field can be decomposited into the σ+- (right circular-
polarized) and σ−-polarized (left circular-polarized) com-
ponents. The mw cavity also possesses σ+- and σ−-
polarized modes which are degenerate in frequency. The
two orthogonally polarized cavity modes couple to two
separate transitions of spins contained in the cavity.
When a weak static magnetic field is applied to the en-
semble of spins it shifts the two transition energies up
or down oppositely and subsequently causes different de-
tunings between the transitions and the cavity modes.
Thus, the reflected fields suffers different phase shifts
yielding a Faraday rotation angle. As a result, in the
output the superposition field of the two polarization-
orthogonal modes includes both horizontal and vertical
polarized photons. Measuring these photons we can es-
timate the magnetic field with a high precision.
We now describe in more detail our scheme for mag-
netic field sensing. In the scheme an ensemble of NV cen-
ters couples to the mw cavity as shown in Fig. 1. We as-
sume that the mw cavity supports right and left circular-
polarized (σ+ and σ−-polarized) cavity modes, {aˆ+, aˆ−},
and these modes are degenerate with resonance frequency
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2FIG. 1. (Color online) Schematics of setup for detection of a
weak static magnetic field B. An ensemble of spins couples
to a microwave (mw) cavity. The horizontal polarized mw
field αin inputs into the mw cavity and then is reflected off
the cavity (αout) to the detector. The output field reflected
off the cavity is detected by the polarization resolving photon
detector D. The polarization of the output field is rotated by
an angle ϕF due to the Faraday effect. The cavity has the
resonance frequency ωr and the intrinsic loss κi). The input
mw field couples to the cavity with an external coupling rate
κex.
ωr, and intrinsic loss κi. A horizontal (H)-polarized co-
herent mw field αin with frequency ωin enters the cavity
with an external coupling rate of κex and then yields an
output field αout. This input field, αin, can be decom-
posed into σ+ and σ−-polarized components driving the
cavity modes. The σ+ and σ−-polarized cavity fields suf-
fer different phase shift because they couple to different
transition within the spin ensemble (Fig. 2). Due to the
interaction between the spins and the mw fields in cav-
ity, the polarization of the output field αout is rotated by
the Faraday angle, φF , and hence αout includes a vertical
(V)-polarized component. For a clear discussion of the
relation between the input and output amplitudes and
polarizations we define the annihilation and creation op-
erators, ςˆ and ςˆ†, for a quantized radiation field. We use
the notation ςˆ ~χ [21, 22], to denote a χ−polarized field
of mode ςˆ, where ~χ is the unit polarization vector. The
polarization vector ~χ can be ~H, ~V, ~σ+, ~σ− or an arbitrary
linear polarization ~θ = cos θ~H + sin θ~V with θ ∈ (−pi, pi].
Next we will discuss the magnetometer sensitivity in the
case of single-photon and multiphoton measurements.
In the case of a very weak input a single-photon probe
mw field incidents to the cavity and we consider all pos-
sible outputs. The output mw field is no longer perfectly
horizontal polarized due to the Faraday effect and a po-
FIG. 2. (Color online) Configuration describing the interac-
tion between the cavity mode aˆ± and an ensemble of NV−
centers. Two degenerate cavity modes, the right circular-
polarized mode aˆ+ and the left circular-polarized mode aˆ−,
are detuned from the zero-strain splitting by ∆q. We shift the
transition |ms = 1〉 ↔ |ms = 0〉(|ms = −1〉 ↔ |ms = 0〉) by a
bias static magnetic field B0, which creates a static frequency
shift A = µBgeB0. The weak static magnetic field δB causes
another small shift δ = µBgeδB.
larization sensitive mw photon detector connected to the
output port may detect a horizontal or vertical polarized
photon or a “dark count” with associated probabilities.
The “dark count” implies that the input photon is lost
to the environment or is absorbed by the materials. The
limit of the sensitivity can be determined by the Fisher
information. In classical measurement, we input a weak
coherent probe mw field with power Pin into the cavity
and only measure the intensity of the vertical-polarized
output component I~V . The horizontal-polarized compo-
nent is filtered from the output.
Our scheme involves the interaction of mw modes in
the cavity and an ensemble of spins, taken here, for
example to be NV centers. In Fig. 2 we graph the
ground state triplet of the NV defect in the presence of
a static bias field. The mw cavity modes aˆ+ and aˆ−
drive the magnetic transitions |ms = 1〉 ↔ |ms = 0〉
and |ms = −1〉 ↔ |ms = 0〉, respectively. In the ab-
sence of any magnetic field, the zero-strain splitting of
the NV centers is assumed to be D ≈ 2.78 GHz. Un-
der the bias magnetic field B0 and the signal field to be
sensed, δB, the levels of |ms = 1〉 and |ms = −1〉 are
shifted up or down by A+ δ, respectively. The magnetic
field is applied along the z-axis of the spin crystal, and
results in δ = µBgeδB and A = µBgeB0, where µB = 14
MHz ·mT−1 is the Bohr magneton and ge ≈ 2 the elec-
tron spin g-factor. The interaction Hamiltonian describ-
ing the coupling between the spins and cavity takes the
form
HˆI =
∑
j
(
gj,Raˆ
†
+|ms = 0〉j〈ms = 1|+H.c.
)
+
∑
j
(
gj,Laˆ
†
−|ms = 0〉j〈ms = −1|+H.c.
)
,
where gj,R (gj,L) is the coupling rate between the cavity
3mode aˆ+ (aˆ−) and the transition |ms = 1〉 ↔ |ms = 0〉
(|ms = −1〉 ↔ |ms = 0〉) of the jth spin. For sim-
plicity we assume that gj,R = gj,L = g for all spins.
For an ensemble of N spins we can apply the Holstein-
Primakoff transformation [23] to define the collective
operators cˆ+ = 1/
√
N
∑N
j |ms = 0〉j〈ms = 1| and
cˆ− = 1/
√
N
∑N
j |ms = 0〉j〈ms = −1|, which allows one
to consider a large number of spins as a generalized har-
monic oscillator coupled to the cavity mode with a collec-
tively enhanced rate G =
√
Ng. The Holstein-Primakoff
transformation requires that the spin ensemble is highly
polarized in the |ms〉 state which can be achieved via op-
tical pumping. Hence, the interaction Hamiltonian now
becomes
HI =
(
Gaˆ†+cˆ+ +G
∗aˆ†−cˆ− +H.c.
)
. (1)
The free evolution Hamiltonian of spins under the mag-
netic fields B0 and δB is given by
Hspin =
∑
j
DjS
2
z,j +
∑
j
(A+ δ)Sz,j ,
where Sz,j is the z component of the spin-1 operator, and
Dj the zero-strain splitting of the jth spin. If we neglect
the inhomogeneous broadening of Dj due to different lo-
cal strains and assume Dj = D, then we have
Hspin = D(cˆ
†
+cˆ+ + cˆ
†
−cˆ−) + (A+ δ)(cˆ
†
+cˆ+ − cˆ†−cˆ−) . (2)
We consider input probe fields aˆ±in, each with frequency
ωin. The full Hamiltonians for σ+ and σ−-polarized cav-
ity modes and spin ensemble takes the uniform form
H±full/~ =ωraˆ
†
±aˆ± +Dcˆ
†
±cˆ± ± (A+ δ)cˆ†±cˆ± (3)
+ (Gaˆ†±cˆ± +G
∗cˆ†±aˆ±)
+ i
√
2κex(aˆ
±
inaˆ
†
± − aˆ±,†in aˆ±) ,
where the σ+(σ−)-polarized input uses the +(−) sign,
and γ is the decoherence rate of the spin ensemble for
each transition. Using these Hamiltonians and the input-
output relation [24, 25], we can calculate the amplitude
of the reflection in the frequency domain at ω = ωin to
be
r±(ωin) = −1 + 2κex
i∆r + (κex + κi) +
G2
i[∆q±(A+δ)]+ γ2
, (4)
where the detunings ∆r = ωr − ωin and ∆q = D − ωin.
ωin is the carrier frequency of the input probe field of
αin. Equation (4) is valid for both a single-photon and
classical probe field when the number of photons in the
cavity is much smaller than the number of spins [26–28].
We convert the input and output fields from the σ+ and
σ−-polarized basis to the H and V-polarized basis by the
relations ~σ+ = ( ~H − i~V )/
√
2, ~σ− = ( ~H + i~V )/
√
2 [or
~H = (~σ+ + ~σ−)/
√
2, ~V = i(~σ+ − ~σ−)/
√
2] [29]. Thus,
the input and output in the H and V-polarized basis is
governed by a scattering matrix as(
aˆHout
~H
aˆVout~V
)
= Sr
(
aˆHin
~H
aˆVin
~V
)
, (5)
with
Sr =
(
r ~H ~H ir ~H~V−ir~V ~H r~V ~V
)
=
( r++r−
2 i
r+−r−
2
−i r+−r−2 r++r−2
)
. (6)
Specifically, when a H-polarized mw probe field aˆHin
~H =
aˆ+in~σ+ + aˆ
−
in~σ− = aˆ
H
in/
√
2(~σ+ + ~σ−) is input into the cav-
ity, the output field takes the form aˆout~χout =
aˆin
2 (r+ +
r−) ~H − i aˆin2 (r+ − r−)~V . The corresponding output
power spectrum of the vertical and horizontal polar-
ization are given by S~V (ωin) = RV〈aˆH†in (−ωin)aˆHin(ωin)〉
and S ~H(ωin) = RH〈aˆH†in (−ωin)aˆHin(ωin)〉 [30], respectively,
where RV = |r~V ~H |2(RH = |r ~H ~H |2). We define the re-
flection r± = |r±|eiϕ± , r¯ = |r+|+|r−|2 , and δr = |r+|−|r−|2 .
The polarization of the output field is rotated by Faraday
angle ϕF =
ϕ+−ϕ−
2 with respect to the H-polarized input
field. For a V-polarized input field aˆVin
~V = iaˆVin/
√
2(~σ+−
~σ−), the output field is i
aˆVin
2 (r+− r−) ~H + aˆ
V
in
2 (r+ + r−)~V .
III. LIMIT OF MAGNETOMETRY
SENSITIVITY
A. Single-photon input
If we assume that our detector has a unit quantum effi-
ciency η = 1 and input a single photon into the setup, the
probability to detect an output photon polarized along ~V
or ~H can be determined as P~V = S~V /Sin or P ~H = S ~H/Sin
with Sin(ω) = 〈aˆ†in(−ωin)aˆin(ωin)〉 at ω = ωin. It is also
possible that no photon clicks the detector due to the
“dark count” indicating the loss of the photon before
clicking the detector. This latter probability due to the
loss of photon from cavities is PØ = 1 − P~V − P ~H . The
probabilities for three possible outputs are
P~V = r¯
2 sin2(ϕF ) + δr
2 cos2(ϕF ) = |r~V ~H |2 ,
P ~H = r¯
2 cos2(ϕF ) + δr
2 sin2(ϕF ) = |r ~H ~H |2 ,
PØ = 1− (r¯2 + δr2) .
(7)
We are interested in the sensitivity of the system to
perform a measurement of the static signal field δB,
∂P (ξ|δB)
∂δB , which means how fast the probabilities to de-
tect a photon in state ξ = {~V , ~H,Ø} change for a certain
signal δB. We first examine the limit of the magnetom-
etry sensitivity using a single-photon input mw pulse.
Consider a single-photon probe prepared in an initial
quantum state ρ(0) that this evolves to a state ρ(τm)
when exposed to the signal δ = µBgeδB after a measure-
ment time τm. This generates three possible outcomes
4with probabilities Pξ with ξ ∈ { ~H, ~V ,Ø}. To evaluate
the performance of sensitivity of our setup, we rescale all
parameters by κi. Generally, the maximum amount of
information about δ that can be extracted from the po-
larization dependent measurement is given by the Fisher
information [31, 32]
FI(δB) =
(
µBge
κi
)2 ∑
ξ=~V , ~H,Ø
1
P (ξ|δ/κi)
(
∂P (ξ|δ/κi)
∂δ/κi
)2
= (µBge)
2
∑
ξ=~V , ~H,Ø
1
P (ξ|δ)
(
∂P (ξ|δ)
∂δ
)2
.
(8)
This leads to the Crame´r-Rao bound [32, 33]
∆B ≥ 1√
νmFI(δB)
, (9)
where νm is the number of times the measurement is
repeated. If the total measurement time is τtotal and
each measurement takes a time τm, then we have the
following sensitivity for a single-photon input
∆BSP
√
τtotal ≥
√
τm√
FI(δB)
. (10)
In practice the time τm is determined by the full width at
half maximum (FWHM) of the Fisher information when
evaluated as a function of the signal δB (See Fig. 4
below).
B. Multiphoton input
Generally, taken estimating the value of a parameter ϕ
contained in a measurement operator Mˆ , the root mean
square (RMS), ∆ϕ, of variance as an imprecision in the
estimation can be obtained from [34–36]
∆ϕ2 =
∆Mˆ2
|∂〈Mˆ〉/∂ϕ|2 , (11)
where the variance ∆Mˆ2 ≡ 〈Mˆ2〉−〈Mˆ〉2, with the expec-
tation values taken as the appropriate input state. We
only detect the V-polarized output photons so we have
Mˆ = aˆ†Voutaˆ
V
out.
We now estimate the limit of the measurement sen-
sitivity for the multiphoton input where the probe field
is a weak coherent mw pulse with an input power Pin
corresponding to a mean photon number n¯in, the quan-
tum expectation of the operator nˆin = aˆ
H†
in aˆ
H
in. We have
〈aˆH†in aˆHin〉 = 2κexn¯in = τmτex Pin~ωr [37, 38] (n¯in = Pinτm~ωr [18]),
where 1/τex = 2κex is the photon decay rate into the
associated outgoing modes [37]. Here we replace τex
with the duration τm of the probe pulse when calcu-
lating nin [37] because the duration of probe pulse is
limited by the bandwidth determined by Fisher infor-
mation now. The spectrum of the input probe mw field
Sin(ωin) = 〈aˆH†in (−ωin)aˆHin(ωin)〉 = 2κexn¯in [30, 39]. We
now focus on the vertical polarized output.
In our setup, the input and output ports, and the cav-
ity support both H- and V-polarized fields. As a result,
both the H- and V-polarized noise can enter the input-
output port and the cavity through the external cou-
pling channel or the intrinsic lossy channel, and then are
reflected to the detector. The operators denoting the
noise entering the cavities are ξˆHE
~H = ξˆHE (~σ+ + ~σ−)/
√
2
and ξˆVE
~V = iξˆVE (~σ+ − ~σ−)/
√
2 due to noise entering
the cavity via the external environment through the
κex channel, and ξˆ
H
I
~H = ξˆHI (~σ+ + ~σ−)/
√
2 and ξˆVI
~V =
iξˆVI (~σ+−~σ−)/
√
2 due to internal loss channels within the
cavities. We define nominal transmissions t± = 1 + r±
for use below.
The quantum Langevin equations for the cavity modes
aˆ±in and spin operators cˆ± now take the form
˙ˆa± =(−iωr − κ)aˆ± − iGcˆ± +√κexaˆHin (12a)
+
√
κexξˆ
H
E +
√
κiξˆ
H
I
± i√κexξˆVE ± i
√
κiξˆ
V
I ,
˙ˆc± =[−i(D ±A± δ)− γ/2]cˆ± − iGaˆ± , (12b)
where κ = κex + κi is the total decay rate of the cavity.
The modes cˆ± are Holstein-Primakoff transform of the
collective spin operators, and we don’t consider noise en-
tering them. The internal noise at ω = ωin, ξˆ
H
I and ξˆ
V
I ,
also enter the output ports through the scattering matrix
St =
√
κi
κex
( t++t−
2 −i t+−t−2
i t+−t−2
t++t−
2
)
=
√
κi
κex
(
1 + r++r−2 i
r+−r−
2
−i r+−r−2 1 + r++r−2
)
,
(13)
so that(
aˆHout
~H
aˆVout~V
)
= St
(
ξˆHI
~H
ξˆVI
~V
)
+ Sr
(
aˆHE
~H
aˆVE
~V
)
+ Sr
(
ξˆHE
~H
ξˆVE
~V
)
.
(14)
The output fields are
aˆ±out =
r±√
2
(aˆHin + ξˆ
H
E ± iξˆVE )
+
√
κi
κex
t±√
2
(ξˆHI ± iξˆVI ) ,
aˆHout =
aˆ+out + aˆ
−
out√
2
,
aˆVout = −i
aˆ+out − aˆ−out√
2
.
The vertical polarized output includes four contributions:
(I) the input probe field, aˆHin; (II) the external H-polarized
noise ξˆHE ; (III) the internal H-polarized noise ξˆ
H
I ; (IV)
5the external V-polarized noise ξˆVE ; (V) the internal V-
polarized noise ξˆHI . The total V-polarized output field is
given by
aˆVout = −ir~V ~H(aˆHin + ξˆHE +
√
κi
κex
ξˆHI )
+ [r ~H ~H ξˆ
V
E + (1 + r ~H ~H)
√
κi
κex
ξˆVI ] .
(16)
Note that (r+ − r-)/2 = (t+ − t-)/2 and (r+ + r-)/2 =
−1 + (t+ + t-)/2.
The whole device is put in an environment with a
uniform temperature T . The cavity thermal noise op-
erators are defined as nˆxE = ξˆ
x†
E ξˆ
x
E and nˆ
x
I = ξˆ
x†
I ξˆ
x
I
with x ∈ {H,V }. Their quantum expectations are
〈nˆxE〉 = 2κexn¯th and 〈nˆxI 〉 = 2κin¯th [40], respectively, with
n¯th = 1/(e
~ωr/KBT − 1), KB is the Boltzman constant.
Note that only near-resonant noise enters the cavity and
detector. Their variances are ∆nˆx2E = (2κex)
2
(
n¯2th + n¯th
)
and ∆nˆx2I = (2κi)
2
(
n¯2th + n¯th
)
[40]. We also have 〈nˆin〉 =
2κexn¯in and ∆nˆ
2
in = (2κex)
2n¯in for the coherent input
field. The quantum expectations and the variances of
the H- and V-polarized thermal fields are equal.
The small magnetic field δB to be measured is con-
tained in the measurement operator Mˆ = aˆ†Voutaˆ
V
out. The
V-polarized output field is a noisy coherent state with
the total thermal noise ξˆtot = −ir~V ~H(ξˆHE +
√
κi
κex
ξˆHI ) +
[r ~H ~H ξˆ
V
E + (1 + r ~H ~H)
√
κi
κex
ξˆVI ] on top of a coherent state
| − ir~V ~H〈aˆHin〉〉. We define n¯ξ = 〈ξˆ†totξˆtot〉 and have [40]
n¯ξ = 2κexP~V n¯th
[
1 +
(
κi
κex
)2]
+ 2κexP ~H n¯th
[
1 +
1 + P ~H + 2<[r ~H ~H ]
P ~H
(
κi
κex
)2]
∆(ξˆ†totξˆtot)
2 = n¯2ξ + n¯ξ ,
where <[x] gives the real part of a complex number x.
The quantum expectation of the operator Mˆ reads
〈Mˆ〉 = 2κexP~V n¯in + n¯ξ , (18)
where P~V = |r~V ~H |2. Thus, the variance of the output
can be evaluated as
∆Mˆ2 = (2κexP~V )
2n¯in(2n¯ξ/2κexP~V + 1) + (n¯
2
ξ + n¯ξ) .
When the mean photon number of thermal noise entering
the detector is much larger than unity, and the photons
in the probe field is much larger than this thermal noise,
i.e. n¯in  n¯ξ  1, to a good approximation, we have
∆Mˆ2 = 4κexP~V n¯in
(
n¯ξ + κexP~V
)
, (19)
and also (
∂〈Mˆ〉
∂δ
)2
= 4κ2ex
(
∂P~V
∂δ
)2
n¯2in . (20)
Substituting Eqs. (19) and (20) into Eq. (11), and
using δ = µBgeδB, 2κexτex = 1, we obtain the sensitivity
limit for the multiphoton input
∆BMP
√
τtot &
√
τm√
FI,V(δ)
√(
2n¯ξ + 2κexP~V
)
√
2κexn¯in
& 1√
FI,V(δ)
√CthKBT + P~V ~ωr√
Pin
,
where FI,V(δ) = (µBge)
2 1
P~V
(
∂P~V
∂δ
)2
is the nom-
inal Fisher information of the vertical-polarized
output field and Cth = 2P~V
[
1 +
(
κi
κex
)2]
+
2P ~H
[
1 +
1+P~H+2<[r~H ~H ]
P~H
(
κi
κex
)2]
. Here we applied
the relation n¯th~ωr ≈ KBT for n¯th  1. In the case of
κi  κex, the limit becomes
∆BMP
√
τtot &
1√
FI,V(δ)
√
2(P~V + P ~H)KBT + P~V ~ωr√
Pin
(21)
The multiphoton limit of Eqs. (21) immediately shows
us that the sensitivity is proportional to
√
T/Pin for
KBT  ~ωr, and can be improved by cooling the res-
onator or increasing the probe power.
It is very interesting to note that the sensitivity limit
in the multiphoton measurement Eq. (21), is inversely
proportional to
√
Pin ∝
√
τm/n¯in. It means that the
sensitivity cannot be improved by increasing the dura-
tion of the probe pulse when keeping the input power
constant.
The multiphoton limit also shows an important ad-
vantage for sensing using a mw cavity with an input
mw field of frequency ωmw over an optical system with
ωo  ωmw. Given the same Fisher information, the in-
put power Pin and the environmental temperature we
have ~ωmw/2  KBT  ~ωo/2, the sensitivity can be
improved by ∼
√
~ωo
2KBT
using the mw system in com-
parison with the optical system. For typical parameters
T = 70 K and ωo = 1.78 × 1015 rad/s corresponding to
the wavelength λ = 1064 nm, the improvement factor
is about 10 and can be up to two orders as T → 0 for
ωmw = 2pi × 3 GHz.
Our system is too complex to provide an analytical
form for the Fisher information and in what follows we
calculate it numerically.
IV. NUMERICAL RESULTS
Figure 3 shows the probabilities, Eqs. (7), and their
derivatives for the three possible outcomes (horizontal,
vertical and no photon). The conditional probabilities
P (ξ|δ) (ξ = {~V , ~H,Ø}), are found to be symmetric
with respect to δ = 0. The probability P (Ø|δ) has a
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FIG. 3. (Color online) Probabilities P (ξ|δ/κi) (a) and deriva-
tion of probabilities ∂P (ξ|δ)/∂δ (b) of three outputs as a func-
tion of the magnetic-field induced level shift δ. ∆b = ∆a =
∆q = 0, A = 0, κex = κi, G = κi, γ = 10
−3. Blue lines in-
dicates the probability of the vertical polarization (P~V ), red
lines for the horizontal polarized outcome (PH) and green lines
for the probability of detecting zero photon (P∅).
Lorentzian profile with a dip P (Ø|δ) = 0 at δ = 0.
When δ ∼ 0, the probability to detect a horizontal po-
larized photon is nearly unity. When the cavity and the
spins are off resonant the probability to detect a verti-
cal polarized photon increases and reaches the maximum
P (~V |δ) = 0.25 at |δ| = 0.494κi, and then decreases again.
This nonzero value of δ indicates that there is an optimal
bias with A = δ. Throughout the description below, we
will replace the nonzero δ with the bias A.
The derivatives of these probabilities are antisymmet-
ric with respect to δ = 0. They reach abolsute maxima
at similar positions, δ ∼ 0.2κi. Therefore, when the spins
are biased at A ∼ 0.2κi, our magnetometer is most sen-
sitive to the weak magnetic signal.
The Fisher information is crucially dependent on the
conditional probability derivatives. At δ = 0, the Fisher
information has a deep drop, while it has a peak of
FI(δ/κi) = 29
(
µBge
κi
)2
at |A| = 0.07κi. The full FWHM
defining a bandwidth for measurement is about 0.6κi.
Note that the resolution of a probing system is governed
by the product of the average Fisher information and the
bandwidth 1/τm, see Eq. (10). This gives a sensitivity
of ∆B
√
τtotal & 1.2 × 10−11√κi for G = κex = κi and
γ = 10−3κi.
Now we find the optimal sensitivities. As shown in
Fig. 5, we calculate the sensitivity for the single-photon
input as a function of the external coupling κex for dif-
ferent spin-cavity coupling G. It can be seen that the
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FIG. 4. (Color online) Fisher information as a function of
the magnetic-field induced level shift δ. ∆r = ∆q = 0, A =
0, G = κex = κi, γ = 10
−3κi.
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FIG. 5. (Color online) Sensitivity scaled by
√
κi
µBge
as a function of the external coupling κex and the
cavity-spin coupling G. G/κi = (0.02, 0.1, 0.2) =
(solid blue line, dashed red line, dot-dashed yellow line).
∆r = ∆q = 0.
optimal sensitivity of < 0.03
√
κi
µBge
can be obtained when
G/κi ∼ 0.1 and κex/κi > 7.For a large coupling, e.g.
G/κi = 1, the sensitivity is low, > 0.1
√
κi
µBge
. A very small
coupling, e.g. G/κi = 0.02, the sensitivity becomes lower.
For mediate coupling rates, G/κi ∼ 0.1, the sensitivity
rapidly decreases to a limit of 0.027
√
κi
µBge
at κex/κi ≈ 10.
To find the optimal spin-cavity coupling G, we calcu-
late the Fisher information, shown in Fig. 6. Clearly,
the Fisher information FI is large when 0.06 ≤ G/κi ≤
0.1, whereas the width increases from 6.4 × 10−4κi to
9.6 × 10−4κi. This indicates that the sensitivity is opti-
mal when G ≈ 0.1κi.
For the multiphoton input, we are interested in the
maximal Fisher information of the vertical-polarised out-
put. Once known, we can estimate the sensitivity for any
environmental temperature and any input power. Figure
7 shows the nominal Fisher information of the vertical-
polarised output as a function of the detuning δ. The
maximum value is about FI,V ≈ 105
(
µBge
κi
)2
yielding
1.92 × 10−19√κi for Pin = 1 nW and T = 70 K. Note
that the FWHM is small, about 4 × 10−3κi. Thus, to
achieve the highest sensitivity, the probe pulse need be
long.
7FIG. 6. (Color online) Fisher information scaled by
(
µBge
κi
)2
as a function of the spin-cavity coupling G and the magnetic-
field induced level shift δ. ∆r = ∆q = 0 and κex = 10κi.
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FIG. 7. (Color online) Fisher information as a function of the
intercavity coupling J and the detuning δ. ∆b = ∆a = ∆q =
0, A = 0, κex/κi = 10, γ/κi = 10
−3, G/κi = 0.1.
V. DISCUSSION OF EXPERIMENTAL
IMPLEMENTATION
The experimental implementation of our magnetome-
ter crucially relies on the realization of a microwave
cavity supporting both σ+- and σ−-polarized (or H-
and V-polarized) modes, which are degenerate in fre-
quency. Such microwave cavities require particular de-
signs and have been demonstrated using transmission line
resonators [41–43] and three-dimensional superconduct-
ing Fabry-Pe´rot microwave cavities [44–46]. The Q fac-
tor of the transmission line resonator can be 100 − 105
[41, 47], while that of the superconducting FP mw cavity
can reach 1012 [44]. Recently, Zhang et al. developed
a photonic crystal(PC) cavity with a small mode vol-
ume and a high Q (up to 105), working at microwave
frequencies [48]. This PC cavity can also possess two
degenerate modes with orthogonal polarizations [49–51].
In recent works [41, 42], the magnetic transition between
the triplet ground states of NV centers has been selec-
tively driven with circularly-polarized microwave fields
in microstrip mw resonators. Thus many of the essential
components for our scheme have already been experimen-
tally demonstrated.
Now we estimate the optimal sensitivity for detecting
a weak magnetic field using an ensemble of NV centers
coupled to a microwave cavity. Since the magnetic tran-
sition frequency of NV is about 2pi×2.8 GHz, we require
a microwave cavity with ωr = 2pi × 2.8 GHz. The decay
rate γ of |ms = ±1〉 of the ground state triplet has been
measured to vary from a few MHz[52, 53] to 0.01Hz [54–
56]. Our setup with practical parameters γ = 10−3κi,
κex = 10κi and G = 0.1κi, using a low-Q factor cross mi-
crostrip resonator with Q = 100 [41–43], yields κi/2pi =
28 MHz, and can provide a sensitivity of ∆BSP
√
τtotal &
5.2 nT/
√
Hz for a single-photon probe field. If an input
power of Pin = 1 nW is applied and the environmental
temperature is fixed to T = 70 K, the sensitivity can
approach ∆BMP
√
τtotal & 1 fT/
√
Hz. Note that sen-
sitivities scales as
√
κi. Therefore, if superconducting
Fabry-Pe´rot cavities with a mediate Q = 105 [44], corre-
sponding to κi/2pi = 28 kHz, is applied, the sensitivities
can be improved to ∆BMP
√
τtotal & 32.2 aT/
√
Hz when
Pin = 1 nW.
VI. CONCLUSION
We have studied the polarization rotation of linear-
polarized microwave photons input into microwave cavi-
ties coupled to an ensemble of spins. Measuring the Fara-
day rotation of the output photons provides a method to
ultrasensitively measure the strength of magnetic fields.
The sensitivity limit of this microwave magnetometer is
presented for both single-photon and multiphoton probe
fields. The sensitivity of the magnetic field in the multi-
photon measurement with an input power of Pin = 1 nW
can be tens of aT/
√
Hz.
ACKNOWLEDGEMENT
This work was supported by the Australian Research
Council Centre of Excellence in Engineered Quantum
Systems (Project CE110001013), and the Macquarie Uni-
versity Research Centre for Quantum Science and Tech-
nology.
[1] P. A. Warburton, Phys. Eductation 46, 669 (2011).
[2] R. Hari and R. Salmelin, Neuroimage 61, 386 (2012).
[3] C. Gaffney, Archaeometry 50, 313 (2008).
8[4] S. Forstner, S. Prams, J. Knittel, E. D. van Ooijen, J. D.
Swaim, G. I. Harris, A. Szorkovszky, W. P. Bowen, and
H. Rubinsztein-Dunlop, Phys. Rev. Lett. 108, 120801
(2012).
[5] D. Sheng, S. Li, N. Dural, and M. V. Romalis, Phys.
Rev. Lett. 110, 160802 (2013).
[6] B. Pattor, E. Zhivun, and D. Budker, arXiv:1403.7545.
[7] H. B. Dang, A. C. Maloof, and M. V. Romalis, Appl.
Phys. Lett. 97, 151110 (2010).
[8] I. K. Kominis, T. W. Kornack, J. C. Allred, and M. V.
Romalis, Nature 422, 596 (2003).
[9] T. Wolf, P. Neumann, K. Nakamura, H. Sumiya, J. Isoya,
and J. Wrachtrup, arXiv:1411.6553.
[10] V. M. Acosta, K. Jensen, C. Santori, D. Budker, and
R. G. Beausoleil, Phys. Rev. Lett. 110, 213605 (2013).
[11] K. Jensen, N. Leefer, A. Jarmola, Y. Dumeige, V. M.
Acosta, P. Kehayias, B. Patton, and D. Budker, Phys.
Rev. Lett. 112, 160802 (2014).
[12] G. Balasubramanian, I. Y. Chan, R. Kolesov, M. Al-
Hmoud, J. Tisler, C. Shin, C. Kim, A. Wojcik, P. R. Hem-
mer, A. Krueger, T. Hanke, A. Leitenstorfer, R. Brats-
chitsch, F. Jelezko, and J. Wrachtrup, Nature 455, 648
(2008).
[13] J. R. Maze, P. L. Stanwix, J. S. Hodges, S. Hong, J. M.
Taylor, P. Cappellaro, L. Jiang, M. V. G. Dutt, E. Togan,
A. S. Zibrov, A. Yacoby, R. L. Walsworth, and M. D.
Lukin, Nature 455, 644 (2008).
[14] R. S. Said, D. W. Berry, and J. Twamley, Phys. Rev. B
83, 125410 (2011).
[15] N. Zhao, J. Hu, S. Ho, J. T. K. Wan, and R. B. Liu,
Nature Nanotech. 6, 242 (2011).
[16] C. Y. Hu, A. Young, J. L. O’Brien, W. J. Munro, and
J. G. Rarity, Phys. Rev. B 78, 085307 (2008).
[17] S. Chen and R. Liu, Scientic Rep. 4, 4695 (2014).
[18] D. Petrosyan and Y. P. Malakyan, Phys. Rev. A 70,
023822 (2004).
[19] I. Crassee, J. Levallois, A. L. Walter, M. Ostler, A. Bost-
wick, E. Rotenberg, T. Seyller, D. van der Marel, and
A. B. Kuzmenko, Nat. Phys. 7, 48 (2011).
[20] M. Atatu¨re, J. Dreiser, A. Badolato, and A. Imamoglu,
Nat. Phys. 3, 101 (2007).
[21] M. O. Scully and M. S. Zubairy, Quantum Optics (p. 7)
(Cambridge, 1997).
[22] D. F. Walls and G. J. Milburn, Quantum Optics (p. 9)
(Springer-Verlag, 1995).
[23] H. Primakoff and T. Kolstein, Phys. Rev. 55, 1218
(1939).
[24] M. J. Collett and C. W. Gardiner, Phys. Rev. A 30, 1386
(1984).
[25] C. W. Gardiner and M. J. Collett, Phys. Rev. A 31, 3761
(1985).
[26] S. Weis, R. Rivie`re, S. Dile´glise, E. Gavartin, O. Arcizet,
A. Schliesser, and T. J. Kippenberg, Science 330, 1520
(2010).
[27] A. H. Safavi-Naeini, T. P. M. Alegre, J. Chan, M. Eichen-
field, M. Winger, O. Lin, J. T. Hill, D. E. Chang, and
O. Painter, Nature 472, 69 (2011).
[28] S. Putz, K. D. O, R. Amsu¨ss, A. Valookaran, T. No¨bauer,
J. Schmiedmayer, S. Rotter, and J. Majer, Nat. Phys.
10, 720 (2014).
[29] G. F. Dionne, G. A. Allen, P. R. Haddad, C. A. Ross,
and B. Lax, Lincoln Lab. J. 15, 323 (2005).
[30] G. S. Agarwal and S. Huang, Phys. Rev. A 85, 021801
(2012).
[31] M. Zwierz, C. A. Pe´rez-Delgado, and P. Kok, Phys. Rev.
Lett. 105, 180402 (2010).
[32] S. L. Braunstein and C. M. Caves, Phys. Rev. Lett. 72,
3439 (1994).
[33] C. W. Helstrom, PHys. Lett. A 25, 101 (1967).
[34] J. P. Dowling, Phys. Rev. A 57, 4736 (1998).
[35] M. Fleischhauer, A. B. Matsko, and M. O. Scully, Phys.
Rev. A 62, 013808 (2000).
[36] J. S. Hodges, N. Y. Yao, D. Maclaurin, C. Rastogi, M. D.
Lukin, and D. Englund, Phys. Rev. A 87, 032118 (2013).
[37] I. Wilson-Rae, N. Nooshi, W. Zwerger, and T. J. Kip-
penberg, Phys. Rev. Lett. 99, 093901 (2007).
[38] B. Dayan, A. S. Parkins, T. Aoki, E. P. Ostby, K. J.
Vahala, and H. J. Kimble, Science 319, 1062 (2008).
[39] E. Verhagen, S. Dele´glise, S. Weis, A. Schliesser, and
T. J. Kippenberg, Nature 482, 63 (2012).
[40] M. Lewenstein, A. Sanpera, and M. Pospiech, Quantum
Optics: an Introduction (2006).
[41] T. P. M. Alegre, C. Santori, G. Medeiros-Ribeiro, and
R. G. Beausoleil, Phys. Rev. B 76, 165205 (2007).
[42] P. London, P. Balasubramanian, B. Naydenov, L. P.
McGuinness, and F. Jelezko, Phys. Rev. A 90, 012302
(2014).
[43] T. P. M. Alegre, A. C. Torrezan, and G. Medeiros-
Ribeiro, Appl. Phys. Lett. 91, 204103 (2007).
[44] S. Kuhr, S. Gleyzes, C. Guerlin, J. Bernu, U. B. Hoff,
S. Dele´glise, S. Osnaghi, M. Brune, J.-M. Raimond,
S. Haroche, E. Jacques, P. Bosland, and B. Visentin,
Appl. Phys. Lett. 90, 164101 (2007).
[45] C. E. Nelson, IRE Trans. Microwave Theory and Tech-
niques , 136 (1957).
[46] R. Boni, A. Savoia, B. Spataro, F. Tazzioli, P. Fabbri-
catore, R. Parodi, and P. Fernandes, Rev. Sci. Instrum.
60, 1805 (1989).
[47] B. R. Johnson, M. D. Reed, A. A. Houck, D. I. Schuster,
L. S. Bishop, E. Ginossar, J. M. Gambetta, L. DiCarlo,
L. Frunzio, S. M. Girvin, and R. J. Schoelkopf, Nat.
Phys. 6, 663 (2010).
[48] Y. Zhang, I. Bulu, W.-M. Tam, B. Levitt, J. Shah,
T. Botto, and M. Loncar, Opt. Express 19, 9371 (2011).
[49] S. B. Kelley Rivoire and J. Vucˇkovic´, Opt. Express 19,
22198 (2011).
[50] H.-W. C. Dae-Sung Song, Yong-Jae Lee and Y.-H. Lee,
Appl. Phys. Lett. 82, 3182 (2003).
[51] K. Xia and J. Twamley, Phys. Rev. X 3, 031013 (2013).
[52] S. Putz, D. O. Krimer, R. Amsu¨ss, A. Valookaran,
T. No¨bauer, J. Schmiedmayer, S. Rotter, and J. Ma-
jer, Nat. Phys. 10, 720 (2014).
[53] D. L. Creedon, J.-M. Le Floch, M. Goryachev, W. G.
Farr, S. Castelletto, and M. E. Tobar, Phys. Rev. B 91,
140408 (2015).
[54] R. Amsu¨ss, C. Koller, T. No¨bauer, S. Putz, S. Rot-
ter, K. Sandner, S. Schneider, M. Schrambo¨ck, G. Stein-
hauser, H. Ritsch, J. Schmiedmayer, and J. Majer, Phys.
Rev. Lett. 107, 060502 (2011).
[55] V. Ranjan, G. de Lange, R. Schutjens, T. Debelhoir,
J. P. Groen, D. Szombati, D. J. Thoen, T. M. Klap-
wijk, R. Hanson, and L. DiCarlo, Phys. Rev. Lett. 110,
067004 (2013).
[56] A. Jarmola, V. M. Acosta, K. Jensen, S. Chemerisov,
and D. Budker, Phys. Rev. Lett. 108, 197601 (2012).
